UAHEP989 



On Lorentz invariance and supersymmetry of four particle scattering 
amplitudes in s N K 8 orbifold sigma model 

G.Arutyunov ac P S.Frolov bc S and A.Polishchukfl 

O 

. a Dipartimento di Matematica, Universita di Milano, 

Q ■ "Federigo Enriques" Via C.Saldini, 50-20133 Milano, Italy 

Department of Physics and Astronomy, 

University of Alabama, Box 870324, 
Tuscaloosa, Alabama 35487-0324, USA 



c Steklov Mathematical Institute, 
Gubkin str.8, GSP-1, 117966, Moscow, Russia 



> 
On 

(N 
00 

, Abstract 

The S N R S supersymmetric orbifold sigma model is expected to describe the IR limit of the Matrix string 
theory. In the framework of the model the type IIA string interaction is governed by a vertex which was 
recently proposed by R.Dijkgraaf, E.Verlinde and H.Verlinde. By using this interaction vertex we derive all 
, four particle scattering amplitudes directly from the orbifold model in the large N limit. 



^ ; 1 Introduction 

To provide a heuristic basis for understanding various phenomena arising in superstrings, it was suggested 
that there exists a fundamental nonpcrturbative quantum theory in eleven dimensions, called M-theory. The 
appropriate compactification of M-theory leads to one of the five supersting theories and, in particular, the 
compactification on S 1 leads to the ten-dimensional type IIA superstring theory ^|. Although at present we 
do not know how to formulate M-theory as a quantum theory it has been conjectured || that there is a precise 
equivalence between the M-theory and the large N limit of the supersymmetric quantum matrix model which 
describes the dynamics of D-particles Q . 

In the original D-particle language, S 1 compactification of M -theory amounts to applying a T-duality 
transformation along the S 1 direction, thereby turning the D-particles into D-strings. By adopting this approach 
we can cast matrix theory into the form of the two-dimensional N = 8 maximally supersymmetric U(N) Yang- 
Mills theory || . According to the matrix theory philosophy, in the limit N — > oo the Yang-Mills theory should 
describe nonperturbative dynamics of type IIA superstrings. This is a new type of nonperturbative duality 
between a gauge theory and a string theory in which the string coupling constant is inversely proportional to 
the YM coupling constant: gy 2 M = a 1 g 2 s || 0, ||. Thus, we expect that the strong coupling expansion of the 
Yang-Mills model describes the perturbative type IIA free string theory (g s = 0). Recently, it was conjectured 
by R.Dijkgraaf, E.Verlinde and H.Verlinde |§] that in the IR limit the Yang-Mills model reduces to the Af = 8 
nonabelian S^R 8 supersymmetric orbifold sigma model. The fact that the orbifold model is nonabelian comes 
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as no surprise since in the IR limit the original gauge symmetry group U (N) reduces to the permutation group 
Sn- Furthermore, in || it was proposed that the string interaction in the orbifold sigma model is governed by 
a supersymmetric vertex of conformal dimension (|, |). This vertex describes the elementary process of joining 
and splitting of strings and from the viewpoint of the gauge theory is responsible for partial restoring of the 
U (N) gauge symmetry in some small region of space-time. With the DVV interaction vertex at hand one is 
tempted to deduce string scattering amplitudes directly from the orbifold sigma model. It should be realized 
that this is a nontrivial problem due to the nonabelian nature of the orbifold. Nevertheless, the necessary tools 
for computing tree-level diagrams were recently developed in Jj| [HJ. In particular, the four-graviton scattering 
amplitudes for type IIA and IIB strings were calculated and were shown to be Lorentz invariant in the large 
N limit. It was also observed that the string kinematical factor exhibited manifest Lorentz invariance even at 
finite N. 

In this paper we complete the proof of the DVV conjecture on the level of tree diagrams by explicitly calcu- 
lating all four particle scattering amplitudes for type IIA superstrings directly from the S N R 8 supersymmetric 
orbifold sigma model and demonstrating their Lorentz and supersymmctry invariance. This provides a new 
consistency check on the matrix model conjecture. Furthermore, this is a new evidence of the hidden super- 
symmetry invariance of the matrix model and its existence is a necessary condition for the model to describe 
M-theory. 

We begin by reviewing the general formalism of the S N H, S supersymmetric orbifold sigma model, developed 
in JTy] . We define the Sn invariant vertex operators which create all massless states of type IIA string theory 
and which form a closed operator algebra. Following the approach of ||, we describe the DVV interaction 
vertex which is both space-time supersymmetric and SO (8) invariant. Then, we construct the S-matrix to 
the second order in the coupling constant by sandwiching two DVV vertices in-between the asymptotic states 
corresponding to two incoming and two outgoing particles. As a result of this construction we obtain the 
expression for the S'-matrix element as the sum over specific four-point correlation functions which we explicitly 
list at the end of Section 2.3. The procedure for calculating these correlation functions was outlined in p0| 
and in Section 2.4 we summarize the main results. The appropriate scattering amplitude can then be obtained 
from the S'-matrix element by making use of the reduction formula. Since the problem of calculating scattering 
amplitudes is equivalent to that of calculating all possible open string kinematical factors it follows that to 
prove the DVV conjecture on the level of tree diagrams we have to show that all kinematical factors obtained 
directly from the orbifold sigma model coincide with those obtained in the framework of the superstring theory. 
To this end, we first compute the open string kinematical factor corresponding to the scattering of two vector 
particles and two fermions. In the process of this calculation we develop the necessary tools to deal with spinors 
and focus on the issue of the Lorentz invariance of the model. It turns out that the kinematical factor that we 
obtain is automatically Lorentz invariant and coincides with the well-known open string kinematical factor of 
the superstring theory. We then compute the remaining kinematical factors for all massless particles which make 
up the complete spectrum of IIA supergravity and show that they also coincide with those of the superstring 
theory. In conclusion we discuss interesting problems that still remain open. 



2 General Formalism 

2.1 Free S N K 8 orbifold model 

The action that defines the free S^R 8 = (R 8 ) N /Sn orbifold sigma model is 

1 r N i i 

S=— drda Y(d T X\d T X\ - d a X\d a X\ + -6%(d T + d a )0? + -0? (d T - d a )9j). (2.1) 
Ztt I * — ' z z 

J 1=1 

Here X % are eight real bosonic fields transforming in the 8v representation of the transversal group SO(8) and 
9 a , 9 a a, a — 1, . . . , 8 are sixteen fcrmionic fields transforming in the 8s and 8c representations respectively. As 
pertains to all orbifold models |ll], 12 the fundamental fields X % and 9 a are allowed to have twisted boundary 
conditions: 

A> + 2tt) =gX i (a), 6 a (a + 2tt) = g9 a (a), (2.2) 
where in the case of the S N H 8 orbifold model g £ Sn- 
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In the conventional QFT the scattering amplitude to the second order in the coupling constant is extracted 
from the S-matrix element, schematically written as 

(f\S\i) ~ (/I / dx 1 dx 2 T{V int (x 1 )V i/nt (x 2 )}\i) 

by using the reduction formula. Consequently, to compute scattering amplitudes we first need to define in 
and out (|/)) states which are the states in the Hilbert space of the S^R 8 orbifold sigma model. Recall 
that the Hilbert space of an orbifold model decomposes into the direct sum of Hilbert spaces of twisted sectors 
corresponding to conjugacy classes of the discrete group defining the orbifold. The conjugacy classes of Sn are 
described by partitions {N n } of N and can be represented by 

s 

[g] = (l) N i(2) N *...(s) N «, N=Y,nN n , (2.3) 

n=l 

where N n is the multiplicity of the cyclic permutation (n) of n elements. In any conjugacy class [g] there is 
only one element g c that has the canonical block-diagonal form 

g c = diagj uji , . . . , w\ , uj 2 , ■ • ■ , u>2 , ■ ■ . u s , ■ 

N\ times N2 times N s times 

where uj n is an n x n matrix that generates the cyclic permutation (n) of n elements. Since tu n generates the 
group Z„, as can be easily verified, the Hilbert space H\ g ] = T~t{N n } is decomposed into the graded iV n -fold 
symmetric tensor products of Hilbert spaces "Hi n ) which are Z„ invariant subspaces of the Hilbert space: 

s s 

K{N n } = (g) SNn K(n) = (g) 
n— 1 n— 1 

The fundamental fields corresponding to the space Ti.( n ) are 8n bosonic fields X\ and 16n fermionic fields 9 a 
with the cyclic boundary condition 

X}(a + 2iT)=X} +1 (a), Of (a + 2tt) = 0? +1 (v), /=l,2,...,n. (2.4) 

As usual, states of the Hilbert space 7i( ra ) are obtained by acting on momentum eigenstates with the string 
creation operators. Since the fundamental fields have twisted boundary conditions, the string creation operators 
have nontrivial transformation properties under the action of the group Sn- However, the space 7ii n ) must be 
Z„ invariant and to ensure this one has to impose the condition on the allowed states of 7i( n ) : 

(L a - L )|*) = nm|*), 

where m is some integer and Lq is the canonically normalized Lo-operator of a single long string obtained by 
glueing together the fields Xj(a) (61(a)) into one field X(a) (0(a)). 

Before passing on to the construction of asymptotic states corresponding to Ti( n ), we note that according 
to jl3| the Fock space of the second-quantized IIA type string is recovered in the limit N — > 00, ^ — > pf , 
where the finite ratio is identified with the pf momentum of a long string. In this limit the Z„ projection 

(i) - (i) — 

becomes the usual level- matching condition Lq — Lq =0 for closed strings, while the individual p i light-cone 
momentum is defined by means of the standard mass-shell condition p\p~ = Lq . 



( 

r — 

\ N n times 




2.2 Asymptotic states of S^R 8 

We will consider the conformal field theory on the sphere with coordinates (z, z) obtained from the cylinder 
with coordinates (r, a) by performing the Wick rotation r — > — it followed by the map: z = e T+lCT , z = c T ~ la . 

The asymptotic states of the orbifold CFT model are obtained by acting with the S^v-invariant vertex 
operators on the NS vacuum |0) which is normalized according to 

(0|0) = R 8N . 
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Here R is the radius of a circle onto which we compactify the string coordinates x\ in order to regularize the 
sigma model. 

The most natural way to build S^r-invariant vertex operators VLi is to first introduce a vertex operator 
corresponding to a particular group element g of Sn and then sum over the conjugacy class of g. This procedure 
can be represented as follows: 

WM) = 5jIiWM). (2-5) 
' hes N 

The vertex operators V g (z, z) should be constructed from the twist fields of the orbifold model - the fields 
about which the fundamental fields have twisted boundary conditions. Since the monodromy conditions of the 



bosonic fundamental fields X}(z,z) are given by eq.(2.4), we are led to the following definition of the bosonic 
twist field a g (z,z): 

X l (ze 2m , ze- 2m )a g (0, 0) = gX\z, z)a g (0, 0) 

In exactly the same manner we introduce the fermionic twist field z). 

In constructing the vertex operator V g (z, z) one is tempted to consider the tensor product of the bosonic twist 
field <J g (z, z) and the fermionic twist field £ 9 (z, z). Although the nonabelian nature of the orbifold sigma model 
does not admit the factorization into bosonic and fermionic (holomorphic and antiholomorphic) contributions, 
it was shown in |l0| that this factorization can be assumed provided that one introduces a certain normalization 
constant, later denoted by n, at the final stage of scattering amplitude calculation. Thus, wc define the vertex 
operator V g (z,z) according to 

V g (z, z) = a g {z)Y> g {z)a g {z)t g {z). (2.6) 

To clarify the meaning of the holomorphic (anti-holomorphic) twist field cr g (z) {<J g {z)) we decompose the 
fundamental field X(z,z) into the left- and right-moving components: 

2X{z,z) = X(z)+X(z), 

so that now we can define <J g (z) and a g {z) according to 

X\ze 2m )a g (Q) = gX\z)a g (0) X l {ze 2m )a g -i (0) = g- 1 X i (z)a g -i (0) 

and 

X\ze' 2 ^)a g (0) = gX\z)a g {Q) => X\ze 2 ^M - ^^'(^^(O). 

Now the formal substitution z — > z leads to the conclusion that the operator a g is identical to the operator 
a g -i. 

For any element g G 5jy with the decomposition 

g=(n 1 )(n 2 )---(n Nstr ) (2.7) 
we represent V g (z, z) as the tensor product of operators each corresponding to some cycle (n a ): 

N str 

V g (z,z) = (g) V (na) (z,z). 

a=l 

The operator, CT(„)(z,z) = <7( n ) (z)5( n ) (z) is a primary field Q that creates the bosonic vacuum state of a 
twisted sector, labeled by (n), at the point (z,z). We denote this vacuum state by |(n)) = U( n )(0, 0)|0). Recall 
that zero modes of fundamental fields 6 a form the Clifford algebra. Therefore, by triality the vacuum state can 
be chosen to be the direct sum 8v © 8c . Consequently, we define the primary spin fields of the holomorphic 
sector E^ n j(z) , S" n ^(z) which create the fermionic vacuum state: |(n),/i) = S^ 1 ,(Q)|0), where fi = (i,a). Under 
the world-sheet parity z — » z and the space reflection X 3 — > —X 3 twist fields transform as follows 



O-(n) (z) ^ <X(_ n) (z); Y, a {n) (z) <-> Y> a { _ n) (z) 

E| n) (*) <->£{_„)(*), ^3; Yr{ n) {z) ~ -T%_ n) (z), (2.8) 
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where (— n) denotes the cycle with the reversed orientation corresponding to the element oj" 1 . The third 
direction is singled out since in our conventions 7 3 = 1 (see Appendix A). 

Finally, we introduce the primary field <7 5 [{k Q }] (z, z) corresponding to particles with transversal momenta 



k Q . Suppose that g € Sn has the decomposition (2.7) so that the following factorization takes place 



JV str 

Vg( z iZ) = <S> f7 (« Q )( z ' f )' 

a=l 

then cr g [{k Q }](z, z) is defined by 

o g [{k a }]{z,z) =:e v^r ; a g (z, z) = Q§ a {na) [k a ], 

a=l 

where n\ = n 2 = ■ ■ ■ = n Nl = 1, njVi+i = n Nl+2 =•■■ = n Nl+N , 2 = 2, . . . and 

i n ° 

Yi{z,z) = —Y,X\{z,z). 

. /r).„ — ' 



n - 7=1 



Combining the fermionic vacuum state with the vacuum state of the bosonic sector we find 256 states that 
describe the complete spectrum oLtype IIA supergravity. In particular, the state with k + = transversal 
momentum k and polarization is generated from the NS vacuum |0) by the vertex operator 

V (n) [k,(](z,z) = C^(n)Mzrz)^ n) (z)^ n) (z). (2.9) 
As was shown in ]lC| ] 5Ar-invariant vertex operators 

l N str 

V [g] [{k a ,Ca}] = jfi J2 V h - Hna)h [k a X a } (2.10) 
hes N ot=i 

creating ground states, i.e. states with k Q = 0, have the same conformal dimension which is a necessary 
condition for the orbifold sigma model to originate from the IR limit of the Yang-Mills theory. 

Next we turn to the description of the DVV interaction vertex. To this end we introduce the first excited 
state T(„)(z, z) of the twisted sector which appears as the most singular term in the OPE 

dX}(z)a (n) (w) = (z-wr( 1 ^)e^ 1I Tl n) (w) + ... . (2.11) 

Suppose (n) is a simple transposition (n = 2) which exchanges Xj with Xj, then we can define the field 
tjj = T(2) . The DVV interaction vertex B is then given by 



/ ./ 



J d2z \ z \ (T i (z)X i {z)fi(z)W(z)) IJ , (2.12) 



where A is a coupling constant proportional to the string coupling g s . 

The twist field Vij{z,z) = (r i (z)E I (z)f : '(z)E : '(z)) J - J is a weight (f,|) conformal field and the coupling 
constant A has dimension — 1. As was shown in || this interaction vertex is space-time supersymmetric, 50(8) 
invariant and describes the elementary string interaction. In addition, it is invariant with respect to the world- 
sheet parity transformation z — > z and an odd number of space reflections. 

2.3 S-matrix element 



With the account of (2.12) the S-matrix element to the second order in the coupling constant A is given by the 
formula 

(f\S\i) - — f (/I J d 2 z 1 d 2 z 2 \z 1 \\z 2 \T(C mt (z 1 ,z 1 )C mt (z 2 ,z 2 )) (2.13) 



1 In what follows we call the wave function of a particle a polarization. 



■5 



where T means time-ordering: \zi\ > \z2\ and 

C int (z,z) = y~lVu(z,. 



KJ 



For the initial state |i) we choose the state corresponding to two incoming particles with transversal momenta 
ki and k 2 and polarizations (4 and £2 and for the final state (/| - the sate corresponding to two outgoing particles 
with transversal momenta k3 and k 4 and polarizations £3 and £4, respectively: 

|i> = C V [9o] [ki,Ci;k2,Ca](0,0)|0), (2.14) 



(f\=C 0O lim | Zoo | 4A °°(0|^ oo] [k3,C3;k 4; C4]( 



Recall that Sn invariant vertex operators Vj s ] [{k Q , Ca}](z, z ) were defined in ( 2.10 ). The elements go, g^ are 
chosen in the canonical block-diagonal form 

9o = (no)(N - n ), ,g M = (rioo)(JV - n^) 
and to ensure proper normalization the constants Cq and have to be equal to 



^0 — \ / — 7T7~ \ i Co 



n (iV-n ) ynoo(^-«oo) 
Following the approach of || we introduce the light-cone momenta of initial and final particles 

+ _n . + , + __n 00 + __N-n x 

1 at ' 2 i\r ' ft 3 — »i ' A 4 — " 



N z N N N 1 

which satisfy the mass-shell condition: k+k~ — k a k a = for each a, where a = 1, . . . , 4. According to jio) the 
^-matrix element can be written as 

(f\S\i) = -i2\ 2 N 3 6{k- + k^ +k- + fcj )M, (2.15) 

where the delta function results from the integral over z\ and M is given by 

M = J <fu\u\F{u,u). 

Here we introduced a concise notation 



(2.16) 



F(u, u) = (f\T (C int (l, l)C int (u, u)) \i) (2.17) 
= C Coo Yl (Vto-l [ k 3,Ca; k 4 , a](oo)T (^j(l, l)V KL (u, u)) V [go] [k x , Ci;k 2 , Ca](0, 0)). 



KJ;K<L 



In what follows we assume for dcfinitcncss that \u\ < 1. From the definition ( |2.5| ) of VLi it is clear that (|2.17| ) is 
the sum over two conjugacy classes corresponding to group elements go and goo. However, with the account of 
the invariance of the interaction vertex as well as of any correlation function constructed from vertex operators 
under the global action of the symmetric group it becomes possible to reduce the sum over two conjugacy classes 
to the single sum: 

F(u,u) = ^p ]T J2 (V h ^^hJ^)Vij(hl)V K L(u,u)V go (0,0)). (2.18) 

/looGSjv KJ;K<L 

The obtained expression can be further simplified, however, to do so we need to establish certain properties of 
correlation functions entering ( [2.18| ). To this end we recall that the action (2.1) and the DVV interaction vertex 
are invariant under the world-sheet parity transformation z — > z combined with the space reflection X 3 — > ~X 3 , 
while the vertex operator Vg[{k a , C a }](z, z) transforms into V g -i [{k Q , £ Q }] (z, z) = V g -i [{k a , £ a }] (z, z), where 



(i 



k a j (a arc the space reflected momenta and polarization respectively, fc 3 = — k 3 . Let us consider the correlation 
function (V,-i , Vt jVklVoc) with the monodromy condition 

h^gochoogugKLgo = 1 h^g^h^ = g^gxhgu- 

With the account of the world-sheet parity and the space reflection symmetries we obtain the following equality: 

Due to the invariance of the correlation function under the global action of Sjv and the fact that the elements 
g and <7 _1 belong to the same conjugacy class we obtain 

(V g ^ 9KLgiJ VuV KL V go ) = (Y^^^Vpj.Vk^V,,,) 

where gpji — hgijhr 1 , gx'L' = hgKL,h~ l , and the element h is such that g^ 1 = h~ 1 goh. Due to the SO (8) 
invariance of the model the correlation function (2.17) can depend only on the scalar products of momenta 
ko, and polarizations ( a as well as on their contractions with the SO (8) spin- tensor j 13 -. Obviously all scalar 

products are invariant under the space reflection while j] J - transforms into 7* J b . Here j l = "f l for i ^ 3 and 

7 3 = — 7 3 . From the explicit form of 7/? given in Appendix A and with the account of Yj b = {'y i ^ T )^j ) , one can 
easily deduce that 

ij - ij 

Thus we are justified to make the replacement k Q — > k Q and £ a — > (, a in the correlation function. Consequently, 
we arrive at the equality 

(nbW.VrjVic^) = (Y aitJtaKt ^V P j,V x , I/ V aB ). (2.19) 

Now note that while the correlation function on the left hand side of ( 2.19| ) corresponds to (V h -i g h VuVKL,Vg ) 
with the monodromy condition 

h^goohoo9iJ9KL9o = 1 
the correlation function on the right hand side of eq. ( 2.19] ) satisfies the monodromy condition 

h^gochoc = 9i'J'9K'v9^ X K^9^<yogo9K'L'9i'j' = 1- 

Therefore, the contribution of terms satisfying either of the two monodromy conditions coincide. As it was 
shown in jl(| the only nontrivial terms in ( 2.18| ) are those that satisfy precisely these two monodromy conditions. 
Consequently, we can include only terms corresponding to one of the monodromy conditions and place a factor 
of 2 in front of the entire expression. Using the same procedures as those in establishing (2.19) we now show 
that the correlation function F(u, u) is real. To this end we first consider the result of complex conjugating the 
correlation function: 

(V 9x [k 3 , Cs; k 4 , C4](oo)Vu(l, l)V KL (u, u)V go [k 1; Ci; k 2 , Ca](0, 0))* 

= lim lim i^r 4A - [{k - k4} Vor 4AsoI{ki,k3}] |tt|- 6 



X 



■+OC Zq— >0 

(V -i [-ki, Ci; -k 2 , C 2 ](— , ^-)V KL (-, i)V -1 [-ks, Cs; -k4, C*](-, hh 

y ° Zoo Zoo U U 9o ° Z Z 



where we took into account the conjugating property of a vertex operator 

(K,[{k4](z))t = z- 2A 9 [{ k °>V g - 1 [{-k4](i), (2.20) 

and the fact that the DVV vertex is of conformal dimension (|, |). Due to the SO (8) invariance we can make 
a replacement — k a — ► k Q and after performing the conformal transformation z — > - obtain: 



{V 9oo [ka, Ca; k 4 , a](oo)Ku(l, l)V KL (u, u)V go Ci;k 2 , C 2 ](0, 0))* 
= (V g -i [k 3j Cs; k 4 , C4](oo)V/j(l, l)V KL (u, u)V g -i [k l5 Ci; k 2 , Ca](0, 0)) 
= (V g>oc [k 3 , C 3 ; k 4 , a](oo)Vj/j/(l, l)V K , L ,(u, u)V gn [ki, Ci; k 2 , C 2 ](0, 0)), 
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where h S Sn is the solution of h 1 g a 1 h — go and 



h g^h^g^, h guh = gpj>, h g K Lh = g K 



v 



Now we apply this result to find the complex conjugate of F(u, u): 

F(«,«)* = — ^ E E (^- I ff » ftoo [ k 3.C3;k 4 C4](c<))yij(ia)^ i (t t ^)^ [k 1 ,Ci;k 2l C2](0,0))* 

h^£S N KJ;K<L 

1C C ' 

= ^kr E E (^,- 1 ^ h ^[k 3 ,C3;k 4 C4]M^ J ,(i,i)^L'Ks)^o[ki,Ci;k 2 ,C2](0,0)> 

haaeS N KJ;K<L 

= E E <v;,- 1 ^,^[k 3 ,C3;k 4 C4](oo)^ J ,(i,i)^LK^«)^o[ki,Ci;k 2 ,C2](o,o)) 

ft'ooESw I'<J'\K'<L> 

= F(u,u), 
where 

h^g^h = g , h^h^g^hooh = gocXoo 

and the prime in the sum over /i^ indicates that we include only terms which satisfy the monodromy condition 
h^gochoogugKLgo = 1- This completes the proof. 

As was shown in using the global Sn invariance of the model one can recast F(u, u) into the following 
form 



F(u, u) = 2N 2 ^Jk+k+k+k+ Y^(V goo(I) {oo)Vj a+N - naB (1, 1)K jv(w, u)^ (0, 0)) 

\/=i 

+ E (^«(/)M^,J+n DO (l,l)K„Jv(«,u)V flo (0,0))+ E (V gao{ j)(^)V no j(l,l)V naoN (u,u)V go (0,0)) 

1=1 J=n a +1 
N \ 

+ E (^(/)(*,;(l,l)W,«kfi)^(0,0)) , (2.21) 

J=no+rioo+l / 

where the elements g^ have to be found from the equation goo9u9KL9o — To simplify the notation we did 
not explicitly indicate the momenta k and polarizations £ in (2.21). 

Consequently, the S-matrix element is constructed from the correlation functions 

G IJK l(u,u) = (^[k 3 ,C3;k 4 ,C4](oo)V7,/(l,l)^L(w,S)^ [k 1 ,Ci;k 2 ,C2](0,0)) (2.22) 

corresponding to \u\ < 1 and the correlation functions obtained from ( 2.22| ) by interchanging (u, u) <-> (1, 1) and 
therefore corresponding to \u\ > 1. Here all possible combinations of goo , gu and gKL,go are listed in (2.21). 

2.4 Correlation functions 



Taking into account the definition (2.9) of Vg[k Q ,£ Q ] and the expression (2.12) for the DVV interaction vertex 
we obtain the holomorphic contribution to the correlation function ( [j.22j ): 

where 

G^f A4 = K 00 [k 3 /2,k 4 /2](oo)r} J (l)T^( U ) ( T So [k 1 /2,k 2 /2](0)) (S^(oo)S} J (l)Si fi (u)E^(0)) 
^(nr^^G^r^iu). (2.23) 

Without any loss of generality, we will always assume that the polarization can be taken in the form Q^C ■ 



2 Here we assume for dcfiniteness that no < n c 
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In the approach of |10| , the calculation of the correlation function Gijkl{u) was based on the stress- 
energy tensor method pl5| which requires the knowledge of the Green function for DN bosonic fields X}(z), 
1=1,..., N,i = 1, . . . , D. Recall that X}(z) have cyclic boundary conditions ( p^ ) around the insertion points 
of the twist fields CT(„)(z) and therefore the corresponding Green function is N- valued. So, to find the Green 
function, and consequently the correlation function Gijkl, one needs to construct the AT- fold map from the 
z-plane, on which it is multi-valued, to the sphere, which we call the t-sphere, on which it is single-valued. 
According to JhJ this map is unique, and is given by the formula 



I \ IT, — T-Q \ / Z\ — Lq 



t\ J V 6 1 — t() J \ t — t 



= u(t), (2.24) 



where we require the point t = x to be mapped to z = u. Due to the projective invariance, the positions of 
points to, ti, and too can be chosen to depend on x in a specific manner, that is to = to(x), t\ = t\(x), and 
too = t OQ (x), and one possible choice of this dependence is described in fic| . If we make the substitution (see 
@): 

to = x — 1, 

(N - n^x 



trv~) X 



t. 



(AT - n a )x + no 
N — no — rioo hqx N(N — n^x 



((N - n )x + no) 



eq.(2.24) transforms into a function of x alone which can be viewed as the 2(N — rio)-fold covering of the u-sphere 



by the x-sphere. Since the number of nontrivial correlation functions in (2.21) is also equal to 2(A^ — no), a $ 



one can easily verify, we see that the t-sphere can be represented as the union of 2(A^ — no) domains and each 



domain, denoted by Vijkl, contains the point x corresponding to some correlation function from (2.21) 



Finally note that as was shown in 1 10 the overall phase of Gijkl{u) can not be determined and in principle 
can depend on the indices /, J, K, L. However, below we will show that the correlation function of the holo- 
morphic sector is complex-conjugated to the correlation function of the anti-holomorphic sector. Therefore, by 
combining the two sectors the phase ambiguity disappears. To prove this assertion we have to take into account 
the symmetry of a correlation function under the change 



a g [k/2] <-► CT 9 -i[k/2] and 



to obtain the equality 



{V goa [k 3 , Ca; k 4 , U]{^)V u (l)V KL (u)V go [kx, Ci; k 2 , Ca](0)) 

= {V g -j [k 3 , Cs; k 4 , Ci\{oo)Vjj{\)V K t{u)V g -x [ki, Ci; k 2 , C 2 ](0)). 

Then complex conjugating the obtained expression gives 

(V g -x [k 3 , C 3 ; k 4 , C^Vu^Vkl^V^ [kr, Ci; k 2 , c»](0))* 

= lim ii mz „ 2AJk " k<1 2 ; 2i » [k " kll « 4 x 

(V go [-k u Ci; -k 2j C2](-)V K U-)Vij(i)V gm , [-k 3 , Ca; -k 4 , C 4 ](— )>• 

Z U Zoo 

Due to the 5*0(8) invariance of the correlation function we can make the replacement — k — > k, £ — > Q and after 
performing the conformal transformation z — > - obtain 

(y ffoo [k 3 ,C3;k 4 ,C4](oo)yzj(i)^ i (u)^ [k 1 ,Ci;k 2 ,C 2 ](0))* 
= (V goo [k 3 , C 3 ; k 4 , U]{™)Vu{l)V KL {u)V go [k 1; Ci; k 2 , c 2 ](0)). 

By making the formal substitution z — > z we arrive at the correlation function of the anti-holomorphic sector 
containing right-moving fermions instead of left-moving ones. Thus, if the anti-holomorphic sector is obtained 
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from the holomorphic one by the substitution: z — » z, left-moving fermion — > right-moving fermion, then the 
overall phase of Gijkl{u, u) is irrelevant. 

Now we present the solution for the correlation function Gijkl(u) that was found in |10[ . In particular, 
{nTj){u) is given by 

..4x(x-1)(x + tP*-)(x- Af -"°-"°° )(a; a>— ) 

(riTj-Xu) = -<F — ^ , N 2 7 no '\ 2 - + <r 4 r,) fc , (2.25) 

<^ T j)fe = 

f + JV-n?) M , ~ ^ TV-no" 00 ) Li , 1 ui\ ff i\U , ;J" , n ~ n oo , n A 

\ n noo N - no J \ N - n^ n - n x J 

while the correlation function QPygPaPiV ( u ) j s equal to 

■ d4 / /at \\ !/ 2 / \ T fc i fe 3 f"™ __no_\3 

iR ( n oa n (N - no.) \ /noo-noX 4 - 



2 6 (n oo -n )(iV-n ) V. {N - n Q ) J \ N - n J v?l\x - ai ) 2 (x - a 2 ) 2 



v iy-np / ) | ^ N-n > \ rp^inwsHiij 

Here Tf}%?£ 3(t * ij (u) is defined in the St/ (4) x [/(!) basis according to 



Tf}£l MAiMM (u) = (2.27) 



x*° (x - if 1 (x + aT^Y 2 {x ~ f 3 (x 2a— ) di 

((x ~ ai)(x - a 2 )) dr " 



C (g , goo) x 



the coefficients di are given by 

do = P1P4 + PePi + PeP4, d x = p 6 p 3 + p 6 p 4 + p 3 P4, 
d-2 = P1P2 + P6P1 + P6P2, d 3 = p 6 p 2 + p 6 P3 + P2P3, 
di = PePi +p 6 P3 + P1P3, d 5 = -p 5 pe, 

^6 = PlP5 + P3P5 + PlP3 P2P6 

and 

P1P5 P3Ps/at_ AP4Pe/' r , _ „ n \d*-de 
, n( s, n repp npoj n j 

K-H3o,5°oj — 7T7 • (2.28) 

(JS — no) 6 

A few comments are in order. First, recall that k was introduced in Section 2.2 as a multiplicative factor which 
compensates for the nonabelian nature of the orbifold. This constant is equal to 2 3 (for derivation see [[To|). 

Secondly, computation of the fermionic correlation function (£^^ 4 (cx))£}j(l)£^ L (u)£^ o 1/:i2 (0)) was done by 
bosonizing the fermions in the framework of the SU(4) x U(l) formalism |l6| which is concisely presented 
in Appendix B. Here we only note that in this formalism there is a one-to-one correspondence between the 
SU(4) x U(l) index A = {A, A} and the weight vector p. Specifically, if ^4 corresponds to 8v then p A (p A ) = 
e A (—e A ) and if it corresponds to 8c then p A (p A ) = q A (— q' 4 ), where ±e A has components Sg and iq" 4 is 
defined in eq.(B.l). 

Before we go on to consider the scattering amplitude let us point out the remarkable property of (TiTj) k , 
namely 

(r + T^) k =0=(T, l T + ) k . (2.29) 
To prove this assertion, we note that the " + " light-cone component of the first factor in (T~iTj) k is equal to 

( x + "Q 1 ( x - N ~ n o~ n ^ ) i 

[X+ N _ no ) + (X N-n^2 k + + _J_ k + (2 30) 

n noo N - n 

= ^^ + ^)-( a - ^-"°-"°° )-^i)=o, 

N \ JS — no JS — no JS — no J 
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while the " + " light-cone component of the second factor is equal to 

710 -)ki 



1 

N 



N - rioo • n Q - ' 
n Q (x - 1) - rioox - (no - noo)(a; - 



n 



0. 



no - riot 

This property will be used in establishing the Lorentz invariance of scattering amplitudes. 



Scattering amplitude Up to now we considered the correlation function Gjj^^ 3M4 (m, u) correspoding to 
|u| < 1. It turns out that the correlation function corresponding to \u\ > 1 is again given by (2.26) and so the 
time-ordering in (2.17) can be omitted. Consequently, from (2.21),( 2~2^ ) and ( |2.23| ) we find that M. is equal to 



M = 2N 2 ^/kfk+k+kt J 



d 2 u\u\G^£ iili {u)G VlV2W3Ui 



f-\/Ml l/ J /"A* 2 V2 AM3 ^3 /-fJ-4 Vi 

IJKL t »2 S3 S>4 



IJKL' 



Substituting ( 2.26| ) for the holomorphic part of the correlation function Gijkl(u, u) and its complex conjugate 
for the anti-holomorphic part so as to get rid of the phase ambiguity, we arrive at the following expression for 
M 



M 



R 8 f npn^N - rtpo) 

TZTZT\ N(N-no) 



98^ / h + h + h + h + 
A V/ "-2 ^3 * c 4 



n 



N-n 





du 


2 


[ d 2 u 








dx 





X 

x E T h 

IJKL 

where we introduced a concise notation 



x(x - 



N- 



N-n 



(X- 



ifl ) 

-Boo ' 



(x-l)(x + 



N-n - 



Or- 



4 k3 &4 



IJKL \ U ) 1 IJKL \ u )^l ^2 ^3 S4 i 



rrnMlM2M3M4 /„ . \ 

1 IJKL \ u ) 



'(«)■ 



(2.31) 



/J '3/^ IJKL 

Recall that under the transformation it — ► x the u-sphere is mapped onto the domain Vfjux. Taking this into 
account and performing the change of variables |9j 

iV — no-Woo \ / \/ \ 

dz = ( "- ai)( "- a2) ^ x, (2.32) 



x(x 



N-n 



Tlpp— Tip / _ rap 

N—no no— n 



"00 -"0 ^ 
jV-n V J ' 



-r 



the expression for .M assumes the conventional form 



-R 8 / npn^N - nop) 



(2.33) 







/ d 2 z 







I "T ^1 ^4 



1 — Z| 2 fe3?C4 J'Al/'2M3/l4^ z ^. 



^1^2 ^3 ^4 / zr^l AMl^l /-f l 2^2 

S2 <>3 S.4 



Now it follows from eq.(2.15) that in the limit R —> oo the expression for the S'-matrix element to the second 
order in the coupling constant A is given by 



<J\s\i) 



-i\ 2 2 8 2NS mi+m2+m3+mit0 S(^2k l )(5 D (^k, i ) 



\ 



IK., (*,+)"" Wr" 



+ 
= 1 '"i 



where 



l(C;k) 



( norioo{N - rioo) 



[ d 2 z 


dx 




dz 



V N -n 
2 



\ 1=1 



h z \ 2 K 3«4 Ji/ii; 



' 1 / z \rpVlV2V3Vi 



■l{C,k) (2.34) 



(2.35) 



(z) ^ 1 1/1 £'* 2 1/2 ^ 3 1/3 ^ 4 Vl 
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Here e (Ai) (e <I ' i) ) is equal to if (ii(vi) corresponds to 8v and is equal to 1 if /ij(i^) corresponds to 8c (8s)- Also 
note that we have restored 5-functions responsible for the momentum conservation law and represented the 
light-cone momenta kf as kf = j& . In the next section we will compute all open string kinematical factors and 
show that all dependence on N i n 1(0 , k) is absorbed into the light-cone momenta kf and hence we are justified 
to consid er th e limit N — * oo in ( 2.34 ). In this limit the combination NS mi + m2 + m3 + m4 ,o goes to d(Y]j kf) and 
formula ( 2.34 ) acquires the form 

(f\S\i) 



-A 2 ^+ 2 (]>>f) 



\ 



-2- 8 Z(C;fc). 



(2.36) 



In order to extract the scattering amplitude .4.(1,2, 3, 4) from the 5-matrix element one needs to make use of 
the reduction formula, namely 



(f\S\i) 



A(l,2,3,4). 



(2.37) 



Using eq.(2.36) for the 5-matrix element and taking into account the reduction formula we obtain the general 
expression for the four particle scattering amplitude A(l, 2, 3, 4): 

A(l,2,3,4) = A 2 2" 8 I(C;fc). 

Consequently, the problem of finding A(l,2, 3,4) in the S N R 8 orbifold sigma model is reduced to the 
calculation of X(£; k). In the next Section we will find that T(C, k) can be written in the form which is standard 
in the superstring theory, namely 

l(C;k)=K(C;k)K(C;k)C(s,t,u), (2.38) 

where 

T(-s/8)T(-t/8)T(-u/8) 



C(s, t, u) 



(2.39) 



r(i + */8)r(i + t/8)r(i + u/8) 

Here we introduced open string kinematical factors K(C, k) which we will show coincide with the well-known 
kinematical factors obtained in the framework of the supersring theory. 



3 Kinematical factors 

3.1 vector particle+ vector particle — > fermion+fermion 

To conform with the standard notation of the supersting theory let us denote the polarization of a left-(right-) 
moving fermion by u a (u a ) instead of C°(C a ) preserving £ for polarizations of massless vector particles. 

As follows from eq.( |2.38 ) and ( 2.35| ) in order to find the kinematical factor corresponiding to two massless 



vector particles in the inital state (i.e. p,± — * ix, (12 — * £2) an d two fermions in the final state (i.e. fi 3 — > d 3 , 
/i4 — ► 014) one first has to find 

T ill2il3d *(z) = {TiT^T 1 ™ 3 ^^), (3.40) 



where the spin-tensor 7 1lll2a3a4lJ (z) is determined up to an unknown phase by (2.27). The overall phase is 
irrelevant in our computations since we choose the kinematical factor of the right-moving sector to coincide 
with that of the left-moving sector. Nevertheless it is essential to know the relative phases of T 11120,30,4 - 13 (z) 
for different values of 5*0(8) indices i m and a n . In order to fix these phases we decompose the spin-tensor 
T ni2a3ail i ' (z) into the sum of 5*0(8) invariant rank six spin-tensors: 

= \l [lll2l °\ 3 , l C l {z) 

+ ll [ni2 \ 3 ^C 2 (z) + lj [ ^\ 3d4 S^C 3 (z) + lj [l2 % 3d4 6^C 4 (z) 

+ ll [nj] ^J l2l C 5 (z) + l^% 3 ,J^C 6 (z) + \A i0 \ 3 a/ xi2 C 7 {z) 
+ S^J^^Csiz) + 5 A3 aJ hi S i2j C 9 (z)+ 5a 3 aJ llJ 5 l2l C w (z). 
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By using the SU(4) x U(l) basis, the function C\(z) and 62(2:) can be determined up to a phase using the 
following relations 

2U24434 _ 

rp 143422 _ — C2 

y 143422 _ _Q 1 _ Q 2 

Since we know all three functions up to a phase we get a nontrivial equation on C\(z) and C 2 (z) allowing us 
to determine their relative sign. Namely, from (2.21) with the account of the normalization constant (2.28) one 
obtains 

N-n 

l n n N-n 
-Oi — O2 



2 n OT - «o x(x ~ ati)(x - a 2 ) ' 

1^ - ^(iV-noc) e^ 3 
-Oi — L-2 



2 Ko-no) 2 (a - )(a - ^^){x - ai )(x - a 2 ) ' 

where a common multiplier in all three functions was omitted. Now it can be easily verified that the last 
equation is satisfied only if e lipi = e lip2 = —e lip3 . Since we proved that the overall phase is irrelevant, we can 
set e lip = 1 and proceeding in the same manner fix relative signs of all 10 functions Ci(z). For convenience 
in later computations it is useful to rewrite T %1% ' iazail i [z) in terms of o rdin ary products of 7's instead of their 
antisymmetric combinations. This is achieved with the help of identity ( A. 3 ). The final answer for T lll2l3Ut: > (z) 
is 

T * ll2 d 3 d 4U(z) = (noo(iv _ noo ))-i (3.42) 
f 1 7V -n (gfTYU 



1 (7V)d 3 d 4 <5 



UI2 



N— no— rig 



2 x (x-l)(x+ 7 ^ ro )(x 

I N -n (YVW^ 

2 n x (x-l)(x- N -^_-^ ) 

l N- noo {l l2 l l )g 3ai 5 ll] 

2n oc - n X (x + ^)(x - S=&=**){z - ^) 

IN -no {l 11 ! 1 )^ 121 



2n oo -n x(x-l)(x- 7 ^^) 

l N- noc (l ll l l )a 3 aJ Z23 

2 noo - n (1 + T ^)(x - N -£°- n °° )(x Sfl_) 

ln^V-n^) (7 n 7 12 )a 3 q 4 ^ 

2 (n^-no) 2 (x - a{){x - a 2 )(x - ^°~ n °° )(> • 
iV - n^ <5 IU '^ 2l <5d 3 d 4 



n^ - n 1(1 - l)(z + - 

N- noo S^8^Sg :i a 4 

n o (x - l)(x + J^)(X - 

nco(JV-noo) S^S^dg^ 

' ( noc - n )(N - n ) (x - a x ){x - a 2 )(x - l){x + j^)(x 
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Next we contract T ill2a3a4 ^ (z) with (riTj) and substitute the result thus obtained into ( 3.40| ). After long and 
tedious calculations we arrive at the following expression for I(C; k): 



l(C;k) 



d 2 z\z\ iklki - 2 \l 



z\ ik3ki - 2 T[u 3 , C 2 , a,u^](z)T[u 3 , Ci, «*](*), 



where 



?'[w3,C2,Cl I '«4](^) 



AT 



(z _ 1)(7 ii 7 i2 7 y) ,y 



(3.43) 



(3.44) 



+2(7V ) i3 a/ ,1,a ^ - 2(YV W ~ 2(yVkd 4 <f 11 " 4<W 2 M 2 « 4 



Here to simplify the notation we introduced the following tensors 



t ^ — k^ k^ ~\~ 
n noo 



hi u 



3 4 X X ' 



N - rioe x(x — l) {n 2 n) h - {nn 2 ) k 



'*2 'Ilk 



noo — n \ n c 

noojN - n ) 
noo - n 



no (x 



-) (x - ai )(x - a 2 ) (x--^-) 



(x + 



"0 



N — no (x — a\){x — 012) {x - 



-) r 



ni2 _ no^N-rico) (TnT i2 ) k - {n 2 T h ) k 
p I X - 



'^2 'n/k 



n 



{x — a\)(x — 012) {x - 



io \ 

-11* ' , 



(3.45) 



Note that we purposefully wrote these tensors in terms of the variable x even though it presents no difficulty 
to express them in terms of z. The p oint i s that by writing them in this form we can clearly see that all " + " 
light-cone components vanish due to ( 2.29 ). 

Next we turn to the issue of the Lorentz invariance of the theory. To this end, we introduce ten pure imaginary 
32x32 T-matrices which satisfy the Clifford algebra {r A ',r y } = —2rf v . These V matrices are constructed as 
tensor products of 2x2 Pauli matrices ai,i = 1,2,3 and 16x16 matrices 7* i = 1, ... ,8: 

1 1 ■ 

J laa 

7? 

laa w 



where 7*^ and ^y\ a are defined in (A.l). Light-cone components often-dimensional gamma matrices, i.e. Y + = 



r° + T 9 and r - = T° - r 9 , are nilpotent: (T+) = (T~) = 0. Evidently, in the integrand ( |3.43| ) transversal 
components of ten-dimensional matrices will be contracted with fermion wave functions u a (u a ). In the light- 
cone coordinates the 32-component Majorana-Weyl spinor u, Tnu — +u, assumes the form (w a ,0,0, u a ). This 
spinor satisfies the massless Dirac equation k^T^u — 0, or equivalently uT^k^ = 0, where u is the Dirac 
conjugated spinor, i.e. u = u T T°. In the chosen basis the Dirac equation takes the form (see e.g. fill ) 



k + U a +Yaak*U d 

k-v^ + ^jev" 



0, 
0. 



The first of these equations allows one to express u a in terms of u a : 

" — ^ + Iaa K u ■ 



(3.46) 
(3.47) 



(3.48) 



Therefore, eight components of u a correspond to eight physical degrees of freedom. Upon the substitution of 
( 3.48 ) into eq.( 3.47 ) on e obt ains the equation on u a which is just the Klein-Gordon equation k 2 = 0. In order to 
express the integrand (3.44) in terms often-dimensional T-matrices and 32-component Majorana-Weyl spinors 
Ui we need the following identities: 

u »( 7 ii 7 i2 7 i3 7 i4).,. u | = !u 1 r+r <i r <2 r <3 P 4 u 2 , 



<(7 n 7 i2 U w 
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which can be easily verified by using the explicit form of T-matrices, provided in Appendix A. Now it is 
straightforward to replace transversal 8x8 7- matrices with 32x32 T-matrices and 8-component spinors u a , u a 
with 32-component Majorana-Weyl spinors u. In addition to fermion wave functions, the integrand (3.43) also 
depends on vector polarizations. As usual, in ten dimensions a polarization of a massless vector particle satisfies 
the transversality condition: fc^C^ = 0- I 11 the light-cone gauge the polarization obeys £ + = allowing us to 
express the component £~ in terms of ( l and as £~ = 2 ,_|5 . In our model we only deal with eight transversal 
polarizations C an d can treat this equation as the definition of the light-cone polarization £~. An important 
property of the light-cone gau ge is that QQ — (i( 2 = (C1C2) which is a direct consequence of Ci = C 2 = 0- 
Clearly, the integrand in (3.43) depends on scalar products of transversal momenta k % with £ l . It turns out that 
by using the light-cone momenta and polarizations k~ and £~ the integrand can be written via scalar products 
of ten-dimensional vectors. To show that this is indeed the case, we first note that t l+ = t +l = and the same 
holds for all tensors in (3.45). This is a direct consequence of (2.29). Taking into account {r l ,r + } = and 
(r + ) = the first term in ( 3.44 ) becomes 

u 1 T + T il C 1 T i2 C 2 T i t ij T j u 2 = 

= ... = u 1 T + TCiTC2T^T u u 2 . 
Proceeding in the same manner we find 

u ir + r ^.i r ^.2 H2 _ uir+rcirc 2 w 2 , 

Imposing the Dirac equation k^^T^u^ = and the transversality condition fci^Ci^ = = ^2^2^, the expression 
for T[u 3 , (2, Cij u^\{z) acquires a particularly simple form: 

r[u 3 ,C2,Ci)"4](2) = -—— \ {z- i)iu3r + rCirc 2 rfc 3 rfciU4 - ■s 3 r + rfc3rfciu 4 CiC2 

4noo (_ 2 

+2u 3 r+rCi[(z - i)rfc 1 c 2 fc 3 - zTk^k^m + 2u s T( 2 [(z - i)(rfc 3 Cifc 4 - rfciCifcs) + 4zrfc 3 Cifc 2 K 

-2u 3 r + W 4 [Clfc4C2fc3 - z(ik 3 C 2 k4: 

The last step in rendering T[u 3 , Q 2 , d, u±](z) the Lorentz covariant form, requires us to impose the Dirac 
equation u^T^k^^ = 0. To this end, one has to anticommute Tk 3 all the way to the left until it multiplies the 
spinor u 3 and annihilates it. This procedure will generate additional terms due to the anticommutation relation 
of T-matrices. The appearance of these terms can be easily traced in the example below: 

-M 3 r+rCirc 2 rfc 3 rfc lU4 = -is 3 r+rCirfc 3 rc 2 rfc lM4 - u 3 r+rCi£: 3 c 2 rfc lU4 (3.49) 
= i?/ 3 r + rfc 3 rCirc 2 rfciU4 + u 3 r+Cifc 3 rc 2 rfciu 4 - u 3 r + rCifc 3 c 2 rfciu 4 

= -u 3 T(iT( 2 TkiU4k 3 + it 3 r + Cifc 3 r£ 2 rfciU4 - -u 3 r + rCiA; 3 C 2 rA:iM4. 

Proceeding in this fashion it can be easily shown that all terms containing T + cancel and we arrive at the 
following result: 

1 — z _ 

T[u 3 , c 2 ,Ci,ui]( z ) = — — U3rc 2 r(fci + fc4)r Ci«4 

Z 

+ 2 ("3rClU4^lC2 - U 3 T( 2 U4:k2(l ~ U3r/ciU 4 ClC 2 ) ■ 

Finally, we perform the integration over the sphere (z, z) to get: 

J(C; k) = K(u 3 , ( 2 , Ci, U4,; k)K(u 3 , ( 2 , &, u 4 ; k)C(s, t, u), 
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where 

K(u 3 , C 2 , Ci,«45 fc) = 2~ 4 |-|u 3 rC2r(*:i + fc 4 )r du 4 ( :!.:.() i 

+t Cs 3 rCiU4fciC2 - u 3 rc 2 u4feCi - u3r/ciU4CiC2) 

Now one can recognize in K (1/3, £2, d, M 4; k) the standard open string kinematical factor of the superstring 
theory (see 0). Futhermore, as was mentioned earlier all dependence on N in K(u±, C2, "3, C4; k) was absorbed 
into k + . 

3.2 fermion+vector particle — > fermion+vector particle 

The kinematical factor corresponding to a massless vector particle and a fermion in the initial state and the 
same type of particles in the final state is computed in complete analogy with the kinematical factor found in 
the previous section. In particular, here we need to determine the spin-tensor T aiiaaaiAi ^ (z) which we decompose 
into SO(8) invariant rank six spin-tensors as follows 



rpail2a,3l4lj 



= \l [l2Ulj] ^ 3 Ci(z) 

+ 5 Al a 3 S i * i *5 ij C s (z)+ Sa 1 a 3 S l2l S^C 9 (z)+ 5 hl a 3 5^5^C W {z). 

To fix the functions Ci(z) we transform to the SU(4) x U(l) basis, as we did in the previous case. After fixing 
relative signs of Ci(z) we arrive at the following expression for T ail2a " 3liV (z) 



/ 1 (tVW)^ 



I 4 x (x -l)(x + jp-Yx - 



riQ —n 
iii 



+ 



2n oo -n x(x- Ar 7 f "°-"" )( 3 

1 n x (7Y)m/ 

2 »«, - n X ( X - l)( x - *^=*~){x - ^) 

1 nop (tV)^ 

2 n TC - no (x l)(x + j^)(x - *^=*~){x - ^) 

1 n (7' 2 7 14 ), lti3 ^ 

2noo-no x(x + - a\)(x - a 2 ) 

no S^S^Sg^jx-l) 

'^00 - n x(x + ^)(x- ^^){x - ^) 

n^N-np) S^Sg^ix + T^) 

' ( noo - n Q )(N - n^) x(x - l)(x - *=$5*»){x - ^) 
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(rioo - n ) 2 x(x - no "° n<xi )(x - ai)(x - a 2 ) 



Next we contract T Qll2Q3l « (z) with (r^Hz) in order to obtain T^ 12 ^ 4 = T ai%2a ^ (nTj) . After long- 
calculations we find that k) is equal to 

X(C;fc) = / d 2 z\z\^ klki ~ 2 \l~ z |7 fe 3fe4-2^ 1 i 2 a 3 i 4 ( z ) r o 1 j 2 a3j4( f ) u jioi^2j2 u o 3 a3^4j4 



4 ' 



where 



= If^y^V) W-n<x>) (nr 1 ) k -(r 3 r l } k 
8 U ' ' ' ; * l4s noo-no {x-ai)(x-a 2 ) 

_l r fa i> N(N-no) / (TjT,J t -M t iV-wo-noo \ 
2 17 7Jdld3 n^-no ^x-a^-aj) 1 iV - n ' (x - ) 

_l ( , u , N(N- noo ) ( n x {nn 2 ) k ~{n 2 n) k n 

2 177 ) ^(n oo ~n )(x- 7 ^)\ noo - n (x - ai )(x - a 2 ) [ + N - n 1 + W 

r NjN-noo) ( np (^ 2 T t4 ) fc - (r^ 2 ) fc N 

dld3 (n^ - noX* - j^2a_) U~ -no (x - ai)(x - a 2 ) + N - n x ^ T,Jfc 

1 • ■ N 
+ 7(7 l2 7 u )d 1 a 3 ((^ - - n co )/c 3 fc 4 + iVfcifc 4 ) 

1 • • iV 

-7T^ 3U ^aia 3 (("0 + Koo)z + (N -n - ™oo)) ^3^4 

2 nonoo 



Note that in the last two lines we took advantage of (2.29) in order to obtain Lorentz invariant scalar products. 
To rewrite this expression in terms of ten dimcntional T-matrices and 32-component Majorana-Weyl spinors U\ 
and u 3 we should proceed exactly as we did in the previous calculation. Namely, here we need the formulas 

«i(7V)4$«l = -|«ir+r*riu3, 

u\5 ib ul = iuir+u 3 . 

Taking into account these formulas as well as the property ( 2.29] ), the nilpotency of T + and the fact that 
{r\r+} = then after some algebra we find that T[n x , (2, "3, U] = T hli * hsii u\ x u\ s Q is equal to 



N ( 1 

T[u 1 X2,U 3 X4(z) = -, 

4n 



|iuir + rc 2 rC4rfcirfc 4 u 3 - uir + rfcirfc 4 u 3 C2C 
+u 1 T + (r( 2 r» P ^Q - rc 4 r^f C2 )« 3 + 2s 1 r+ M3 (c 2 I <ra - $pfi& 

Here for convenience we introduced the following tensors 







11V 

Pi 


= (z- 


LLV 

Pll 


= (1- 







— + —(z- l)kgk%. + {z-l) 

1 ^)k^k*2 H - - 1 ) ^4 ^3 — k^ k^ . 

"00 ^00 
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To cast the integrand into the Lorentz covariant form we impose the Dirac equation UxT^kx^ — 0. Then all 
non-covariant terms, i.e. terms containing T + , cancel and we obtain: 

i(C,k) = J d 2 z|zp' £lfc4 - 2 |i-zp' £3fe4 - 2 r[ Ul ,C2^ 3 C4]WT[u 1 ,c 2 , W 3C4](^), 

where 

2, 

T[uiX2,u 3 ( i \(z) = -uirC 2 r(fc 3 + k 4 )TC4U 3 
1 — z _ 

h — — uirc 4 r(fc 2 + fc 3 )rc 2 M3- 

Finally, we perform the integration over the sphere (z, z) to get: 

I(C; k) = K(in,(2,u 3 , ( 4 ; k)K(ui,( 2 ,u 3 ,(4; k)C(s, t, u), 

where 



2 ~ 4 { ^" ir ^ r ( fc3 + fc 4)rc 4 u 3 
+^u 1 r( 4 r(k 2 + k 3 )r( 2 u 3 



Now one can recognize in K{u\, £ 2 , u 3 , £4; k) the standard open string kinematical factor of the superstring 
theory (see @). 

3.3 fermion+fermion — > fermion+fermion 

Finally, we consider the kinematical factor corresponding to two fermions in the initial and final states. Our 
first task is to decompose T aia2a3ail: > (z) into SO (8) invariant rank six spin-tensors. This decomposition is given 
by 

= jL[*] . . rM\ . . C \ (Z) 

+ \l M a 3 aM^C2{z) + \^ ^ 5 &1 a 3 C 3 (z) + ^Ja^Mz) 
+ a^MasCsiz) + ^aiaJa^Ceiz) + -J^ d± ^ <5a 3 a 4 C 7 (z) 

+ Sa 1 aJ d2h3 ^C 8 (z)+ 5a 1 a 3 S &2di ^C 9 (z)+ S^aJ™ & C W (z) . (3.51) 

All ot her SO(8) invariant spin-tensors can be expressed in terms of linear combinations of spin-tensors from 
( 3.51 ) and therefore are not linearly independent. To see this, first note that the most general expression for 
such spin-tensor should be at most fourth order in 7's. Indeed, a term which is of higher than fourth order 
in 7's and which has only two vector indices, namely i and j, must contain contractions like Ylk 1 l^aiH^ ta 
where d, 6, c, d are chosen from di, d 2 , a 3 , a 4 . However, this contraction is just a liner combination of Kronecker 
deltas as follows from the identity: 

T,^ M ^ m ^^h d -^A,- (3-52) 

However, in ( 3.5l| ) we could have included spin-tensors which are fourth order in 7's and which are obtained 
from 7' lfc 'aid2 1^0304 by permuting spinor indices di,d 2 ,d3,d4. Nonetheless, with the account of the identity 

(tV^CtV)* = (7V W7 l 7% + 2<M7V)fci + M^WU (3-53) 

it becomes clear that there is only one independent spin-tensor containing all four 7's and it is represented by 
the first term in (3.51). This identity is a direct consequence of (A. 4). By using the SU(4) x U(V) basis, we 
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fix all functions Ci(z) and their relative phases. The final answer for T" 110,2030 " 1 ^ (z) is given by the following 
expression 

_i _i _i _i 

T&^asatij , z j = n 2 {N~n ) 2 n^ 2 (A^ - n^) 2 



n 



(7*7') 4l 4,(7'f)i, 



(N - n )(7ioo - n )(x - ai)(x - a 2 ) 



n {N - n ) 



2 x(x - l)(x + j^-)(x ^—) 



2 + 



no 



N—no^** riQ—rioo^ 

n (N - Hoc) 



X{X + TT^)(x - JV -"°-"°° )( 

JV— no /v A/— Tin / ^ 



N — Uq 



(7 i 7 J )a 1 a 4 ^2a 3 (jV - noKnoo) 

* N — no^ N—no * 
(7V)a 1 q 3 ^2a4 (AT - n ) (AT - 71^) 

2 (z- l)( x + -pe-)( x - JV -"°- ra °° )(a; =2—) 

(7 I 7 J )d 1 q 2 ^a3a4 (AT - n ) (nop - Tip) 

2 X ( X 

n (N - n 00 )(x - 1) 

< x + W^)( x ~ N ~N-~ n :- ){x - ai )(x - a 2 ) 

n {N ~ n )(N ~ noo )(x - 1) 

(noo - n )(x + t^){x - ^^){x - - a 2 ) 

nonoa(N - n x ) 



-\-S ^60,10,4^0,20,3 

u u ai03 u a204 

4- S i] S- ■ S- ■ 

1 u u ai04 u 02a- 



( noo )(x - l)(x + j^)( X 



-)(x - ai)(x - a 2 ) 



The contraction of T aia2a3ail3 (z) with (TiTj)(z) is most conveniently performed if we express (TiTj), in the form 



'3/k 



T abk a k 3 



1 



n 



fc| (x- l)k\ -xki + 



no - n c 



"0 



n - noo 



b' 



obtained from ( 2.25 ) by using the momentum conservation law: ki+k2+k3+k4 = 0. Since the first term in (TiTj) 
contains <S lJ ' and its contraction with (7' £ 7 J ) ( j 1( j 2 (7 fc 7 : ') ( j 3( j 4 will produce terms which are lower than fourth order 
in 7's and which at present do not interest us. So, consider contracting the spin-tensor (7 fe 7 l )d 1 d 2 (7' C 7 : ')d3d4' 
i.e. the first term in (3.51), with (TjTjK and fermionic polarizations a"': 

-(7V) fll „ 2 (7V) M4 «r«>r< 4 (^> t = 

= -iuir fc r i r+ti 2 u3r*r J 'r + ti4(T i T J ) fc = 

= -^u 1 r fJ -rPT + u 2 u 3 T l j" T r + u A T 24 k^ki - ittirTT+uattsr^rT+^Tai^fcf 
-iuxrTT+uaitsr^r+udTsifcg^ - iuir^rT + W2 u3r AI r ff r + M4T34^fcJ. 



(3.54) 



Here again we used the property of (TiTj)., namely (2.29), the nilpotcncy of T + and the fact that u satisfies 
the Dirac equation. After commuting T p and r CT through T + and imposing the Dirac equation, the first term 
in (3.54) becomes 



-Uir^F p T + u 2 u 3 T „r < T + u 4 T24fc?fcJ = -uiT^u^T ^u^iki k 



(3.55) 
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In order to make use of the Dirac equation in the remaining three terms of (3.54) we are in need of the identity 

-m 1 r^u 3 u i r^u 2 7 1 p+7f+ - 2u 1 r"u 3 s 4 (r'T + r> p+ + r p r+rv + )w 2 , 

which allows one to place T p next to u 2 (or u 3 ) when i t is c ontracted with k^ (or fcg) t hereb y making it possible 
to impose the Dirac equation. This ident ity jus t lik e ( 3.53 ) is a direct consequence of ( |A.4|) . As a result of this 
procedure and with the account of ( 3.54 ) and ( 3.55 ) we obtain: 

T^^(z)u hl u^u hs u hi = ( JV - n oX"°°- n o) (x- ai )(x-a 2 ) 

1 2 3 4 N2 '('-W' + ttX*- 1 *^^) 

J -fm -r N ~ n ° ^-^ x + ^ , - t^m - r \ 

X <^ -UiT^UzUiT^ -, „ Q > h Uir fJ -U 2 U3T fl U4 > ■ 

{ n °° 71,0 ^ no-noJ J 

Substituting this result into eq.( 2.35| ) we arrive at the expression for Z(C; k) 

2"(C;&) = J d 2 z\z\5 klkl ~ 2 |1 - z| 5fe3fc4_2 T[ui,U2,u 3 ,W4](2)7 1 [wi,U2,U3,'"4](z), 

where 

1 — z _ _ l _ 

r[tti,ti2,U3,«4](«) = — — WlP I U 3 U 4 r A1 W 2 + -UxT^UvUzT ^114, 

1 — z z 
= — UiT^uzUxT ^4, + -u 1 T p u 2 u 4 T f _ l u 3 . 

Finally, we perform the integration over the sphere (z, z) to get: 

J(C; k) = K(ui, u 2 , u 3 , u 4 ; k)K(ux, u 2 , u 3 , u 4 ; k)C(s, t, u), 

where 

K(u!,u 2 ,u 3 ,U4;k) = 2^ i ^-^u 2 T' 1 u 3 u 1 r t _ l U4 + ^uiT^u^T ^Uaj. 

We recognize in if(tti, u 2 , u 3l u 4 ; fc) the standard open string kinematic factor of the superstring theory (see 
[p"7[). For the sake of completeness below we provide the kinematical factor corresponding to four massless 
vector particles which was calculated in |lO| ]. 

3.4 vector particle + vector particle — > vector particle + vector particle 

The four graviton scattering amplitude was found in p0| and is equal to 

A(l,2,3,4) = A 2 2- 8 Z(C;fc), 



where 
and 



J(C; k) = K(a, C2, C 3) C 4 ; k)K(d,C2, Ca,C 4 ; k)C(s, t, u) 



K(Ci, C2, Cs, C 4 ; fc) = 2 2 | | (stCi • C3C2 • C 4 + su( 2 • C3C1 • d + tu& • C2C3 • CO 

+ 2 (Cl ' fc 4 C3 • fc2C2 ' C 4 + C2 ' fc3C 4 ' fclCl ' C3 + Cl ' fc3C 4 • fc2C2 ' C3 + C2 ' fc 4 C3 ' fclCl ' Ci) 

+^ (C2 • fciC 4 • fc 3C3 ■ Ci + C 3 ■ fc 4 Ci • fc 2C2 ■ C 4 + C2 ■ fc 4 Ci • fc3C3 • C 4 + C3 • fciC 4 • fc2Cl ■ C2) 

u 

+ 2 (Cl • fc2C 4 • fc 3C3 ' C2 + C3 ' fc 4 C2 ' fclCl ' C 4 + Cl ' fc 4 C2 • fc3C3 ' C 4 + C3 ' fc2C 4 ' ^lCl ' C2) 
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4 Conclusion 



In this paper we obtained kinematical factors and therefore scattering amplitudes for all massless particles of 
type IIA superstrings directly from the interacting S N R & orbifold sigma model. Our kinematical factors showed 
to coincide with those obtained in the framework of the superstring theory. This provides further evidence of 
the duality between the Yang-Mills theory in the IR limit and the superstring theory in the week coupling limit. 

In computing the scattering amplitudes we did not impose any kinematic restrictions on momenta and 
polarizations of particles. Nevertheless, the obtained kinematical factors which define scattering amplitudes 
exhibit manifest Lorentz invariance even at finite N. All dependence on N was absorbed into the light-cone 
momenta k + . 

Moreover, if one restores the dependence on the radius R- of the compactified direction (remind that 
N was identified with then any dependence on N disappears. Since the S N R 8 orbifold model can be 
embedded into the S^R 8 orbifold model, this suggests that the latter might have a deformed (quantum) Lorentz 
symmetry realized in the space of the twist fields . The deformation parameter seems to be identified with 
exp(2-Ki I R-) ■ 
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Appendix A 

We use the following representation of 7-matrices satisfying the relation 

7 i ( 7 J) T +7 J '(y) T = 2S ij I 





\ 


> I 




/ 


1 — 1 


u 


1 — 1 


1 — 1 


; « 


1— 1 






7 7 = 



1 

1 
1 

- 




7 = 



7 8 = 




By definition, 



r° = ct 2 ® i 16 

r 4 = ia 3 <g> 







(7* 



r 




2 = 1, 



T 9 = iai <g> li 6 , 

r n = r°r 1 ...r 9 = ct 3 ®<t 3 ®i 8 . 



(A.l) 



j-\p,v\p] _ J_ ~^~^^_^p{p,v\p) y^y^y A x p = (A 2) 

^ p 

Here T can be either 7 or T. 

In terms of ordinary products of T-matrices T^ puXp]l is expressed as follows 

f[ij-v\p] _ ~£^ n £ l/ T x T p — Y x T p rj pv + T v T p i] px — T u T x ri pp — T p T p rf x + T p T x i] l ' p — T AI T !y ?7 Ap (A 3) 
+,fifp - n^ifP + rf p if x . 
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In D = 10 T's satisfy the following equality (see e.g. fujfl): 

(r°r") mn (r°r M ) p , + (r r") mf ,(r°r M ) g „ + (r r") m? (r°r M )„ p = o. (A.4) 

Here it is assumed that spinor indices have definite chirality. 

Appendix B 

With respect to the SU(4) x U(l) subgroup representations 8 V , 8s and 8c are decomposed as 

8s^4 1/2 + 4 _ 1/2 , 8 C ^4 i /2 +4i /2 , 8 V -»■ 6 + li + 

The corresponding basis for the fermions 8 a and their spin fields! S a and X 1 consistent with this decomposition 
is given by 

Q A = ^-(9 A + i0 A + 4 ), <d A = -L(8 A -i8 A+4 ), 
\/2 V V2 y 

S A = -^(Z A + iZ A+4 ), S X = -^(Z A -iZ A+ *), 
S A = ^-{T? A - 1 + iY? A ), S A = ^(E 2 - 4 - 1 - iY? A ), 

where A = 1, ... ,4. Note that the spin fields X 4 and X 4 transform as 1^ and l_j respectively. 

Bosonization of the fermions and their twist fields up to cocycles is realized in terms of four bosonic fields 

(f) A as 

®A = S A = e^**, S A = e^ A , 

where the weights of the spinor representations 8s and 8c are given by 

q 1 = |(-1,-1,1,1); q 2 = i(-l, 1,-1,1); q 3 = ^(1,-1,-1,1); q 4 = i(l, 1,1,1); 

q 1 = 1, 1, 1); q 2 = ^(-l, -1,-1,1); q S = 1, -1, 1); q 4 = i(l, -1, 1, 1). (B.l) 

The Cartan generators of SU(4) x U(l) in the bosonized form look as H A = id<p A . 

Bosonization of the fermions of the orbifold model is achieved by introducing AN bosonic fields and reads as 

Qf(z) = e^?W 

Twist fields a g creating twisted sectors for the fields 4>f{z) are introduced in the same manner as in Sec. 2. 2. 
The spin twist fields of the orbifold model can be realized as 

SUz) = e^^ q ^ fiz) a (n) (z) = <J (n) [ q A ](z), (B.2) 
S A n) {z) = e ^ W cr (n) (z) = °(n)[e A ](z), 

where e A is a weight vector of 8 V with components S^. 
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